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We calculate the Wilson ratio of the one-dimensional Fermi gas with spin imbalance. The Wilson
ratio of attractively interacting fermions is solely determined by the density stiffness and sound
velocity of pairs and of excess fermions for the two-component Tomonaga-Luttinger liquid (TLL)
phase. The ratio exhibits anomalous enhancement at the two critical points due to the sudden
change in the density of states. Despite a breakdown of the quasiparticle description in one dimen-
sion, two important features of the Fermi liquid are retained, namely the specific heat is linearly
proportional to temperature whereas the susceptibility is independent of temperature. In contrast
to the phenomenological TLL parameter, the Wilson ratio provides a powerful parameter for testing
universal quantum liquids of interacting fermions in one, two and three dimensions.
Fermi liquid theory describes the low-energy physics of
interacting fermions, conduction electrons, heavy fermion
metals and liquid 3He [1]. It is remarkable that the Wil-
son ratio, defined as the ratio of the magnetic suscepti-
bility χ to specific heat cv divided by temperature T ,
RW =
4
3
(
πkB
µBg
)2
χ
cv/T
(1)
is a constant at the renormalization fixed point of these
systems. Here kB is the Boltzmann constant, µB is the
Bohr magneton and g is the Lande factor. For example,
RW = 1 for noninteracting or weakly correlated elec-
trons in metals [1], and RW = 2 in the Kondo regime for
the impurity problem [2]. The dimensionless Wilson ra-
tio quantifies the interaction effect and spin fluctuations
and thus presents a characteristic of strongly correlated
Fermi liquids [1]. RW > 1 in strongly correlated systems
where the spin fluctuations are enhanced while charge
fluctuations are suppressed.
The Wilson ratio has recently been measured in ex-
periments on a gapped spin-1/2 Heisenberg ladder [3].
This opens up the opportunity to probe and understand
the universal nature of one-dimensional (1D) quantum
liquids through the measurable Wilson ratio. Early cal-
culations of RW for 1D correlated electrons were consid-
ered only in the scenario of spin-charge separation [4, 5].
As far as the low energy physics is concerned, the fixed
point critical Tomonaga-Luttinger liquid (TLL) behaves
much like the Fermi liquid [6]. For instance, the Wil-
son ratio of the quasi-1D spin-1/2 Heisenberg ladder near
the critical point indicates a single component TLL with
RW = 4K, where K is the TLL parameter. Moreover,
the Wilson ratio is always less than 2 as the band fill-
ings tend towards the Mott insulator in the 1D repulsive
Hubbard model [5]. For the 1D spin-1/2 Heisenberg chain
RW = 2 as T → 0 [7]. Here the Fermi liquid nature arises
because the elementary excitations at low temperatures
are spinons which are regarded as fermions.
Motivated by the experimental results for the spin lad-
der [3], we consider the Wilson ratio in the context of the
the spin-1/2 delta-function interacting Fermi gas [8, 9].
The quantum liquids exhibited by this model include the
paradigm of a spin-charge separated TLL in the repul-
sive regime and a two-component TLL of pairs and single
fermions in the attractive regime. The pairing phase has
attracted a great deal of attention [10–16], with the key
features of the T = 0 pairing phase [17–19] experimen-
tally confirmed using finite temperature density profiles
of trapped fermionic 6Li atoms [20, 21].
In this context the Wilson ratio of the 1D attractive
Fermi gas with polarization is particularly interesting due
to the coexistence of pairing and depairing under the
external magnetic field. It is natural to ask if the Wilson
ratio can capture a similar Fermi liquid nature of such a
particular pairing phase. Here we report our key result
for the attractive Fermi gas,
RW =
4(
vbN + 4v
u
N
)(
1
vbs
+ 1vus
) (2)
which holds throughout the two-component TLL phase.
This result is in terms of the density stiffness vb,uN and
sound velocity vb,us for pairs b and excess single fermions
u. These parameters can be calculated from the ground
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FIG. 1: (Color online) Contour plot of the Wilson ratio RW
(1) of the attractive Fermi gas for dimensionless interaction
|γ| = 10 as a function of the reduced temperature t = T/εb
and magnetic field. εb is the binding energy. The result (2)
provides a criterion for the two-component TLL phase in the
region below the dashed lines, where RW is temperature inde-
pendent. The dashed lines indicate the crossover temperature
T ∗ ∼ |H−Hc| separating the relativistic liquid from the non-
relativistic liquid. RW = 0 for both the TLL of pairs (PP)
and the TLL of excess fermions (F). In the critical regimes
(CR) RW gives a temperature-dependent scaling. However,
near the two critical points, the ratio reveals anomalous en-
hancement discussed further in the text. The inset shows the
enhancement at the lower critical point.
state energy. Fig. 1 shows that at finite temperatures
the contour plot of RW can map out not only the two-
component TLL phase but also the quantum criticality
of the attractive Fermi gas. The Wilson ratio thus gives a
simple testable parameter to quantify interaction effects
and the competing order between pairing and depairing.
The Model.- The δ-interacting spin-1/2 Fermi gas with
N = N↑+N↓ fermions of mass m with external magnetic
field H is described by the Hamiltonian [8, 9, 21]
H = − ~
2
2m
N∑
i=1
∂2
∂x2i
+ g1D
N↑∑
i=1
N↓∑
j=1
δ (xi − xj) + Ez (3)
in which the terms are the kinetic energy, interaction
energy and Zeeman energy Ez = − 12gµBH (N↑ −N↓).
Here the inter-component interaction is determined by an
effective 1D scattering length g1D = − 2~2ma1D which can
be tuned from the weakly interacting regime (g1D → 0±)
to the strong coupling regime (g1D → ±∞) via Feshbach
resonances and optical confinement [22]. g1D > 0 (< 0) is
the contact repulsive (attractive) interaction. The total
density n = n↑+n↓, the magnetizationM = (n↑−n↓)/2,
and the polarization P = (n↑ − n↓)/n, where n = N/L
is the linear density and L is the length of the system.
For convenience, we define the interaction strength as
c = mg1D/~
2 and dimensionless parameter γ = c/n for
physical analysis. We set Boltzmann constant kB = 1
and µBg = 1.
The thermodynamic properties of the model are de-
termined by the thermodynamic Bethe ansatz (TBA)
equations [23]. A high precision equation of state in the
physically interesting low temperature and strong cou-
pling regime (T ≪ ǫb, H and γ ≫ 1) has been derived
[24, 25]. The hydrodynamic description of the attrac-
tive gas (3) is restricted to the limit cases c → −∞ and
c→ 0− [26].
Susceptibility.- In the Fermi liquid, the interaction en-
ters the susceptibility and specific heat via the effective
mass and the Landau parameters [27]. Thus the specific
heat increases linearly with the temperature T because
only the electrons within kBT near the Fermi surface
contribute to the specific heat. The susceptibility is in-
dependent of temperature since only the electrons within
µBgH near the Fermi surface contribute to the magne-
tization. This is a consequence of the forward scattering
process between quasiparticles near the Fermi surface. In
contrast, in 1D many-body systems, all particles partic-
ipate in the low energy physics and thus form collective
motion of bosons, i.e., the TLL. However, the TLL is also
the consequence of the forward scattering process involv-
ing low-lying excitations close to Fermi points. Therefore
it is natural to expect that 1D many-body systems have
a Fermi liquid nature in the low energy sector.
Here we find such a Fermi liquid signature of the 1D
Fermi gas using the analytic results for the susceptibility
and specific heat obtained via the TBA equations [28].
At zero temperature, the susceptibility can be calculated
from the dressed energy equations which are obtained
from the TBA equations in the limit T → 0 [28]. The
dressed energy equations give the full phase diagram and
magnetic properties in the grand canonical ensemble.
For values of the magnetic field between the lower and
upper critical fields Hc1 and Hc2 the zero temperature
susceptibility of the gapless phase can be expressed in
the form
1
χ
=
1
χu
+
1
χb
. (4)
This result can be established on general grounds. The
effective magnetic field H depends on the chemical po-
tential bias H := ∆µ = µ↑ − µ↓. The magnetization
depends on the difference ∆n = n↑ − n↓. We prove that
the magnetic susceptibility χ = 12∂∆n/∂∆µ can be writ-
ten in terms of the charge susceptibilities of bound pairs
and excess fermions χb,u =
1
2∂nb,u/∂µb,u|µu,b , where
µb = µ + ǫb/2, µu = µ + H/2 and the total density n
is fixed. Here nb and nu are the densities of pairs and ex-
cess fermions. Physically, the system has two processes
occurring in parallel, namely the breaking of pairs and
the alignment of spins. The analog for the zero tem-
perature susceptibility of the gapless phase is thus two
3parallel resistors in a circuit.
We also find that the effective susceptibilities for the
TLL of bound pairs and the TLL of excess fermions
are expressed as χb = 1/(~πv
b
N ) and χu = 1/(4~πv
u
N).
The density stiffness parameters are obtained from vrN =
L
π ~
∂2Er0
∂N2r
for a Galilean invariant system, with r = 1
for excess fermions and r = 2 for bound pairs. For
the strongly interacting regime (γ > 1), the ground
state energies for the pairs and excess fermions are given
explicitly by [19] Er0 ≈ ~
2
2m
π2N3
3rL2
(
1 + 2Ar|c| +
3A2r
c2
)
with
A1 = 4n2 and A2 = 2n1 + n2. Here n1 and n2 are the
density of excess fermions and pairs, respectively. Thus
vbN =
~πn2
2m
[
1 +
4
|c| (n− 3n2) +
3
c2
(4n2 − 24nn2 + 30n22)
]
vuN =
~πn1
m
[
1 +
4
|c| (n− 2n1) +
4
c2
(3n2 + 10n21 − 12nn1)
]
.
The analytic expression (4) with these velocities is in
excellent agreement with the numerical results (see inset
in Fig. 2).
The onset susceptibility at the lower and upper critical
fields Hc1 and Hc2 is related to the collective nature of
the pairs and excess fermions, with
χ
∣∣
H→Hc1+0 =
1
~πvbN
∣∣∣∣
n2=
n
2
=
Kb
~πvbs
∣∣∣∣
n2=
n
2
, (5)
χ
∣∣
H→Hc2−0 =
1
4~πvuN
∣∣∣∣
n1=n
=
Ku
4~πvus
∣∣∣∣
n1=n
. (6)
Here vrs and K
r = vrs/v
r
N are the sound veloc-
ities and effective TLL parameters of the bound
pairs and excess single fermions. From the relation
vrs =
√
L
mn
∂2Er0
∂L2 , the velocities are given by v
r
s =
~
2m
2πnr
r
(
1 + 2Ar/|c|+ 3A2r/c2
)
.
The separation of the susceptibility (4) naturally sug-
gests that the low energy physics of the polarized pair-
ing phase is described by a renormalization fixed point
of the two-component TLL class, where the interac-
tion effect enters into the collective velocities, or equiv-
alently the effective masses of the two TLLs are varied
by the interaction. At finite low temperatures, the two-
component TLL acquires a universal form F (T,H) ≈
E0(H) − πk
2
BT
2
6~
(
1/vbs + 1/v
u
s
)
of the free energy. For
temperature T < H−Hc1 and T < Hc2−H , the suscepti-
bility is indeed independent of temperature provided that
−∂2 (1/vbs + 1/vus ) /∂H2 ≈ 0, see Fig. 2. We clearly see
that the T = 0 divergent susceptibility near the critical
point Hc1 evolves into round peaks at low temperatures.
The peak hight decreases as the temperature increases.
Here the leading irrelevant operators gives a correction
of the order O(T 2) to the low energy in the vicinities of
the two critical points.
For the quantum critical regime (T > H−Hc1 and T >
Hc2 −H) the susceptibility defines the universality class
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FIG. 2: (Color online) The dimensionless susceptibility vs
magnetic field for |γ| = 10 at different temperatures. The
susceptibility is independent of temperature for T < H −Hc1
and T < Hc2 − H . Round peaks of the susceptibility in the
vicinity of the two critical points are observed at low tem-
peratures. The inset shows the susceptibility for |γ| = 5 and
10 at T = 0. The pink crosses denote the analytic result (4)
which is in excellent agreement with the numerical results ob-
tained from the field-magnetization relation [19] (red circles)
and from the dressed energy equations [28] (blue lines).
for quantum criticality of nonrelativistic Fermi theory,
with [28]
χ ∼ |c|
ǫb
[
λ0 + λst
d
z
+1− 2
νzLi− 12
(
−e
α(h−hc1)
t
1
νz
)]
. (7)
Near the critical point hc1 = −2µ˜+ 323π√2 (µ˜+1/2)3/2 we
have λ0 = 0 and λ ≈ 18√2π
(
1− 6π
√
(h− hc1)/2
)
with
α = 1/2, t = T/ǫb and h = H/ǫb. Here the dynamical
critical exponent z = 2 and correlation length exponent
ν = 1/2 for different phases of the spin states. Near the
upper critical point hc2 the susceptibility defines a similar
form as (7), but with the background susceptibility λ0 6=
0 [28].
Specific heat.- We turn now to the specific heat of the
attractive Fermi gas. The low temperature expansion of
the TBA equations with respect to T ≪ H, ǫb gives
cv =
πk2BT
3~
(
1
vbs
+
1
vus
)
. (8)
The linear T -dependence of the specific heat is a conse-
quence of linear dispersions in branches of pairs and sin-
gle fermions. The breakdown of this linear temperature-
dependent relation defines a crossover temperature T ∗
which charaterizes a universal crossover from a relativis-
tic dispersion into a nonrelativistic dispersion [24, 29].
We see clearly in Fig. 3 that at low temperatures a
peak evolves in the specific heat near each of the two
4critical points, i.e., near P = 0 and P = 1 due to a
sudden change in the density of states. We also note
that the peak positions mark the TLL specific heat curve
(8). The two peaks merge at the top of the TLL phase
in Fig. 1. Thus the peak position in turn gives the TLL
phase boundary in the cv−P or cv−H plane. The specific
heat obtained from the equation of state [25] also defines
a scaling behaviour
cv ∼
√
2mεb
~2t2
[
ν0 + νst
d
z
+1− 2
νzLi− 12
(
−e
α(h−hc)
t
1
νz
)]
(9)
where ν0, νs and α are constants which can be determined
from the closed form of the specific heat if necessary [28].
The two-component TLL specific heat (8) is clearly man-
ifest in Fig. 3 from the numerical result obtained using
the equation of state.
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FIG. 3: (Color online) Dimensionless specific heat vs polar-
ization for |γ| = 10 at different temperatures. The deviation
from linear temperature dependence (8) (red crosses) indi-
cates the breakdown of the two-component TLL. The inset
shows a round peak evolved near Hc1 at T = 0.00001ǫb .
Wilson ratio.- The linear temperature-dependent na-
ture of the specific heat and the separable feature of the
susceptibility give the Wilson ratio (2) for the effective
low energy physics of the two-component TLL. This Wil-
son ratio for the 1D attractive Fermi gas is significantly
different from the ratio obtained for the field-induced
gapless phase in the quasi-1D gapped spin ladder [3],
where the gapless phase is a single-component TLL [4, 6]
and the ratio gives a renormalization fixed point of a lin-
ear spin-1/2 chain in zero field. It is interesting to note
that for the 1D attractive Fermi gas the onset Wilson
ratio also depends solely on the TLL parameters, with
WR
∣∣
H→Hc1= 4K
b
∣∣
n2→n2
, WR
∣∣
H→Hc2= K
u
∣∣
n1→n .
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FIG. 4: (Color online) Wilson Ration vs polarization for
|γ| = 10 at different temperatures. The numerical result ob-
tained from the equation of state fully agrees with the Wilson
ratio (2) (red crosses) for the two-component TLL phase. The
deviations from the result (2) characterise the crossover tem-
perature T ∗. Anomalous behaviour is found near P = 0 and
P = 1 (see inset for near the critical point Hc1).
Here we find
Kb ≈ 1 + 6|c|n2 +
3
c2
n2(3n2 + 4n)
Ku ≈ 1 + 4|c|n1 +
4
c2
n1(n1 + 2n). (10)
Note that the values in the limit of infinitely strong cou-
pling are WR = 4 at Hc1 and WR = 1 at Hc2.
The anomalous enhancement of the Wilson ratio near
the onset values is shown in Fig. 4. Anomalous en-
hancement of the Wilson ratio has been observed near
the metal-insulator transition in simulations of a three-
dimensional quantum spin liquid [30]. Here for the 1D at-
tractive Fermi gases this anomalous divergence is mainly
due to sudden changes in the density of states either in
the bound state or excess fermion branch. Again, devi-
ation from the Wilson ratio (2) gives the crossover tem-
perature T ∗ ∼ |H−Hc| separating the TLL from the free
fermion liquid near the critical points. In addition to the
anomalous divergence of the onset Wilson ratio, a round
peak is observed near P ≈ 0.1 due to the competing or-
dering of the two TLLs. RW < 1 for finite values of the
polarization (0 < P < 1).
In contrast to this enhancement, for the repulsive
regime the Wilson ratio is always less than 2, i.e., RW =
2/(1+vσ/vc) which simply gives a fixed point of the TLL
in the context of spin-charge separation. Here the charge
and spin velocities vc,σ can be calculated following [31].
The Wilson ratio of 1D Fermi gases can in principle be
measured in experiments. The finite temperature den-
sity profiles of a 1D trapped Fermi gas of 6Li atoms
5have been measured [20]. Most recently, the suscepti-
bility has been directly obtained from the density profile
of the trapped atomic cloud in higher dimensions [32].
High precision measurements of thermodynamic quanti-
ties have also been reported [33]. For the 1D case, the
predicted susceptibility could be tested from the density
profiles n↑,↓ and the chemical potential bias.
The Wilson ratio of the 1D attractive Fermi gases
which we have obtained provides a measurable param-
eter to quantify different phases of quantum liquids in
1D interacting fermions with polarization. At low tem-
peratures, the Fermi liquid nature is retained in 1D
many-body systems of interacting fermions. Our analysis
can be adapted to different systems, such as interacting
fermions, bosons and mixtures composed of cold atoms
with higher spin symmetry.
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Supplementary material
The Gaudin-Yang model [8, 9] is exactly solved by means of the nested Bethe ansatz. The thermodynamics of
the model is given explicitly in Takahashi’s book [23]. At finite temperatures, the density distribution functions of
pairs, unpaired fermions and spin strings involve the densities of ‘particles’ ρr(k) and ‘holes’ ρ
h
r (k) (r = 1, 2 for single
excess fermions and bound pairs). Following the Yang-Yang grand canonical ensemble method, the grand partition
function Z = tr(e−H/T ) = e−G/T in terms of the Gibbs free energy G = E −HMz − µn − TS with respect to the
magnetic field H , chemical potential µ and entropy S. In terms of the dressed energies ǫb(k) := T ln(ρh2 (k)/ρ2(k))
and ǫu(k) := T ln(ρh1 (k)/ρ1(k)) for paired and unpaired fermions, the equilibrium states are determined by the
minimization condition of the Gibbs free energy, which gives rise to the set of coupled nonlinear integral equations in
6terms of the dressed energies ǫb and ǫu
ǫb(k) = gb(k) +K2 ∗ fǫb(k) +K1 ∗ fǫu(k) (11)
ǫu(k) = gu(k) +K1 ∗ fǫb(k)−
∞∑
ℓ=1
Kℓ ∗ fT ln ηℓ(k) (12)
T ln ηℓ(λ) = ℓH +Kℓ ∗ fǫu(λ) +
∞∑
n=1
Tℓm ∗ fT ln ηm(λ) (13)
with ℓ = 1, . . . ,∞. The driving terms gb(k) = 2(k2−µ−c2/4) and gu(k) = k2−µ−H/2. Here ∗ denotes the convolution
integral Km ∗ fx(λ) =
∫∞
−∞Km(λ − λ′)fx(λ′)dλ′ with Km(λ) = 12π m|c|(mc/2)2+λ2 and fx(k) = T ln
(
1 + e−x(k)/T
)
. The
function ηℓ(λ) = ξ
h
ℓ (λ)/ξℓ(λ) is the ratio of the string densities. The function Tℓm(k) is given explicitly by [14, 19, 23]
Tmn(x) =
{
a|m−n|(x) + 2a|m−n|+2(x) + . . .+ 2am+n−2(x) + am+n(x), for n 6= m
2a2(x) + 2a4(x) . . . + 2a2n−2(x) + a2n(x), for n = m.
The Gibbs free energy per unit length is given by G = pb + pu where the effective pressures of the unpaired fermions
and bound pairs are given by
pr =
rT
2π
∫ ∞
−∞
dk ln(1 + e−ǫ
r(k)/T )
with r = 1 for unpaired fermions and r = 2 for paired fermions.
The thermodynamics of the model can be calculated from the standard thermodynamic relations. The density,
magnetization, entropy, susceptibility and specific heat are given by
n =
(
∂p(µ,H, T )
∂µ
)
T,H
, Mz =
(
∂p(µ,H, T )
∂H
)
T,µ
,
s =
(
∂p(µ,H, T )
∂T
)
µ,H
, χ =
(
∂Mz
∂H
)
n,T
, cv = T
(
∂s
∂T
)
n,p
. (14)
The TBA equations provide the full thermodynamics of the model, including the Tomonaga-Luttinger liquid physics
and quantum criticality. At zero temperature, the quantum phase diagram in the grand canonical ensemble can be
analytically determined from the dressed energy equations [19, 23]
ǫb(k) = gb(k)−
∫ Q2
−Q2
K2(k − Λ)ǫb(Λ)dΛ′ −
∫ Q1
−Q1
K1(k − k′)ǫu(k′)dk′
ǫu(k) = gu(k)−
∫ Q2
−Q2
K1(k − Λ)ǫb(Λ)dΛ
which are obtained from the TBA equations (11)-(13) in the limit T → 0. The dressed energy ǫb(Λ) ≤ 0 (ǫu(k) ≤ 0)
for |Λ| ≤ Q2 (|k| ≤ Q1) correspond to the occupied states. The positive part of ǫb (ǫu) corresponds to the unoccupied
states. The integration boundaries Q2 and Q1 characterize the Fermi surfaces for bound pairs and unpaired fermions,
respectively. The pressures of pairs and excess fermions are given by
pb = − 1
π
∫ Q2
−Q2
dΛ ǫb(Λ), pu = − 1
2π
∫ Q1
−Q1
dk ǫu(k).
The zero temperature susceptibility is obtained from these pressures using the standard statistical physics relations.
In terms of the dimensionless quantities µ˜ := µ/εb, h := H/εb, t := T/εb and n˜ := n/|c| = γ−1, where εb = ~22m c
2
2 is
the binding energy, the equation of states for the strongly attractive gas is [25]
p˜(t, µ˜, h) := p/(|c|εb) = p˜b + p˜u, (15)
where the pressures of the bound pairs and unpaired fermions are given by
p˜b = − t
3
2
2
√
π
F b3/2
[
1 +
p˜b
8
+ 2p˜u
]
+O(c4)
p˜u = − t
3
2
2
√
2π
Fu3/2
[
1 + 2p˜b
]
+O(c4)
7in terms of the functions F bn, F
u
n , f
b
n, and f
u
n defined by F
b,u
n := Lin
(−eXb,u/t) and f b,un := Lin (−eνb,u/t), with the
notation νb = 2µ˜+1, νu = µ˜+ h/2. Here Lis(z) =
∑∞
k=1 z
k/ks is the polylog function, with I0(x) =
∑∞
k=0
1
(k!)2 (
x
2 )
2k
and
Xb
t
=
νb
t
− p˜
b
t
− 4p˜
u
t
− t
3
2√
π
(
1
16
f b5/2 +
√
2fu5/2
)
Xu
t
=
νu
t
− 2p˜
b
t
− t
3
2
2
√
π
f b5/2 + e
−h/te−KI0(K).
From the equation of states (15), the susceptibility χ˜ = χεb/|c| at finite temperatures is given by
χ˜ = − 1
8
√
2π∆3
{
1√
t
Fu− 12
[
1 +
3
√
t
2
√
π
FAb1/2 +
2
√
2t
π
F b1
2
Fu1
2
]
+
2
√
2
√
t
π
F b− 12
(
Fu1
2
)2}
where
∆ = 1−
√
t
2
√
π
F b1
2
− t
√
2
π
F b1
2
Fu1
2
+
t
3
2
16
√
π
F b3/2.
In the quantum critical regime, i.e., in the vicinity of the critical point and for temperature T > |H−Hc|, the universal
scaling form can be evaluated analytically, with
χ ∼ |c|
ǫb
[
λ0 + λst
d
z
+1− 2
νzLi− 12
(
−e
α(h−hc)
t
1
νz
)]
as given in the text. Near the critical point hc2 ≈ 1 + (3π)2/3(µ˜+ 1/2)3/2 − 2(µ˜+ 1/2), we find λ0 ≈ 1/(8
√
2π
√
λu2 ),
λs ≈ λu2/(π2
√
π), α ≈ 1√
2π
(
3
√
2π(2µ˜+ 1)
)1/3
and λu2 ≈
(
3
√
2π(2µ˜+ 1)/8
)2/3 − 16 (µ˜+ 1/2)3/2 /(3√2π).
Morover, by iteration, the specific heat can be obtained from the equation of states (15) as cv = c
b
v + c
u
v where
cbv
|c| =
1√
π
{
−3
8
√
tF b3
2
+
√
tF b1
2
(
ν˜b
2t
+
5
8t
(4p˜u + p˜b) +
√
2ν˜u√
πt
Fu1
2
+
ν˜b
2
√
πt
F b1
2
)
− 1
2
√
t
F b− 12
(
ν˜b
t
(4p˜u + p˜b) +
ν˜2b
t
+
2
√
2ν˜bν˜u√
πt
Fu1
2
+
3ν˜2b
2
√
πt
F b1
2
+
ν˜2b√
2πt
Fu1
2
)}
cuv
|c| =
1√
π
{
− 3
8
√
2
√
tFu3
2
+
√
t
2
√
2
Fu1
2
(
ν˜u
t
+
5
2t
p˜b +
2ν˜b√
πt
F b1
2
)
− 1
2
√
2
√
t
Fu− 12
(
ν˜2u
t
+
2ν˜u
t
p˜b +
2ν˜bν˜u√
πt
F b1
2
+
2ν˜2u√
2πt
F b1
2
)}
.
The scaling form of the specific heat in the quantum critical regime, i.e., T > |H −Hc|, can be worked out from these
closed form expressions in a straightforward way, with the result given in the text.
The anomalous enhancement of the Wilson ratio exhibited near the two critical points is further demonstrated in
Fig. 5.
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FIG. 5: (Color online) Wilson ratio vs polarization for |γ| = 10 at temperature T = 0.00001ǫb . The numerical result is
obtained from the equation of states (15). The ratio exhibits anomalous enhancement near the two critical points due to the
sudden change of the density of states, where the values RW = 5.53 and RW = 1.52 agree with the values obtained from the
analytic results (10).
